arXiv:1508.07519v2 [math.AP] 25 Feb 2016 


Li-DINI CONDITIONS AND LIMITING BEHAVIOR OF WEAK TYPE 
ESTIMATES FOR SINGULAR INTEGRALS 


YONG DING AND XUDONG LAI 

Abstract. In 2006, Janakiraman [10] showed that if Q with mean value zero on satisfies 
the condition: 

sup/ \n(e) - n{e + so\da{e) < CnS [ \Q{e)\da{e), {*) 

151=1 

where 0 < 5 < ^, then for the singular integral operator Tn with homogeneous kernel, the 
following limiting behavior holds: 

hin \mi{x G R" : |rn/(a:)| > A}) = i||D||i||/||i, (**) 

A->o.i_ n 

for / G L^(R") with / > 0. 

In the present paper, we prove that if replacing the condition {*) by more general condition, 
the L^-Dini condition, then the limiting behavior still holds for the singular integral Tn. 
In particular, we give an example which satisfies the L^-Dini condition, but does not satisfy 
(*). Hence, we improve essentially the above result given in [10] . To prove our conclusion, 
we show that the L^-Dini conditions defined respectively via rotation and translation in R” are 
equivalent (see Theorem l2.5l belowl. which has its own interest in the theory of singular integrals. 
Moreover, similar limiting behavior for the fractional integral operator Tn,a with homogeneous 
kernel is also established in this paper. 


1. Introduction 

Suppose that the function defined on M” \ {0} satisfies the following conditions: 

(1.1) Q{Xx) = n(x), for any A > 0 and x G M” \ {0}, 

( 1 . 2 ) [ n{e)da{9) = 0 

and n G L^(S"'“^), where denotes the unit sphere in M” and da is the area measure on 
gn-i_ the singular integral Tq with homogenous kernel is defined by 

Tnf{x) = p.v. j 
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It is well know that if Q is odd and Q € L^(S"' (or 11 is even and 11 £ Llog"*" L(S”’ ^)), Tq is 
bounded on LP{W^) for 1 < p < oo (see [2]), that is, 

( 1 - 3 ) WTnfWp < CpWfWp. 

For p = I, Seeger [12] showed that if 11 £ Llog"*" -L(§"'“^), 

(1.4) rn{{xeR^:\Tnf{x)\>X})<Ci^^. 

If n is an odd function, the usual C alder on-Zygmund method of rotation gives some information 
of the constant in (|1.3I) . In fact, Cp = (see [8]), where Hp denotes the norm of the 

Hilbert transform {1 < p < oo). 

In 2004, Janakiraman |9| showed that the constants Cp in (|1.3p and Ci in (II. 4p are at worst 
ClognllHIli if H satisfies (|l.ip . ()1.2p and the following regularity condition : 

(1.5) sup/ \^{e)-n{e + 5i)\da{e) <Cn6 ! \^{e)\da{e), 0<(5<-, 

1^1 = 1 JS'*-! ^ 

where C is a constant independent of the dimension. In 2006, Janakiraman m extended further 
this result to the limiting case. Let /i be a signed measure on M”, which is absolutely continuous 
with respect to Lebesgue measure and l/^KM”) < oo, here |/i| is the total variation of p. Dehne 

(1-6) Tnp{x) = p.v. J dp{y). 

Theorem A ([ID]). Suppose H satisfies (|l.ip . (II. 2p and the regularity eondition (II. 5p . Then 

lim Xm{{x £ M" : \Tnp{x)\ > A}) = -||H||i|//(M")|. 

A-^-o^- n 

As a consequence of Theorem A, Janakiraman showed indeed that 


Corollary A ([ID]). Let f £ L^(RT) and / > 0. Suppose Ll satisfies (II.ip . (11.21) and (HSl), then 

(1.7) lim Xm{{x £ M” : |To/(x)| > A}) = -||H||i||/||i. 

A->-o+ n 


The limiting behavior (11.71) is very interesting since it gives some information of the best 
constant for weak type (1,1) estimate of the homogeneous singular integral operator Tq in some 
sense. However, note that the condition (|1.5p seems to be strong compared with the Hormander 
eondition (see also my- 


( 1 . 8 ) 


sup / \K{x — y) — K{x)\dx < oo, 

y^O J|a;|>2|y| 


where K is the kernel of the Calderon-Zygmund singular integral operator. Hence, it is natural to 
ask whether (11.71) still holds if replacing (11.51) by the Hormander condition (II.8p ? The purpose of 
this paper is to give an affirmative answer to the above problem for the case of K{x) = H(x)|x|“"'. 
Before stating our results, we give the definition of the L^-Dini condition. 
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Definition 1.1 (L^-Dini condition). Let 12 satisfy (11.11) . We say that 12 satisfies the L^-Dini 
condition if: 


(i) 12 e 

(ii) fg dS < oo, where wi denotes the integral modulus of continuity of 12 defined by 


= sup / |12(/30) — 12(0)|d(T(0), 

||p||<<5 

where p is a rotation on M" and ||p|| := sup{|/3a;' — x'\ : x' £ 


Let us recall two important facts in [T] and [3]. 

Lemma A ([I]). //12 satisfies the L^-Dini condition, then 12 £ Llog''’L(S”'“^) and K{x) = 
12(x)|x|“” satisfies the Hormander condition (jl.Sp . 

Lemma B ([3]). If K{x) = 12(x)|3:| "■ satisfies the Hormander condition (11.81) . then 12 £ 
L log"'’L(S”“^) and 12 satisfies the L^-Dini condition. 


By Lemma A and Lemma B, one can see immediately that for the kernel K{x) = 12(x)|x|“”' 
the Hormander condition (jl.8l) is equivalent to the L^-Dini condition. 

In Section [21 we will prove that the regularity condition (II.5p is stronger than the L^-Dini 
condition (see Proposition 12.II) . Also we will give an example to show that the L^-Dini condition 
is rigorously weaker than the regularity condition (II.5p (see Example 12.2p . 

Our main result in this paper is to prove that the limiting behavior dni) still holds if 
replacing the condition (II.5p by the L^-Dini condition. 

Theorem 1.2. Suppose 12 satisfies (|l.ll) . (11.21) and the L^-Dini condition. Let pL he an absolutely 
continuous signed measure on M” with respect to Lehesgue measure and |^|(M") < oo. Let Tq be 
defined by dLH). Then we have 

(1.9) lim Xm{{x £ M” : \Tqpi{x)\ > A}) = -||12||i|/r(R"')|. 

A->-o+ n 

By setting //(E) = f{x)dx with / £ L^(M”) in Theorem ll.21 we have the following result. 

Corollary 1.3. Let f £ L^(M”) and / > 0. Suppose 12 satisfies (11.11) . (II.2p and the L^-Dini 
condition. Then we have 

lim Xm{{x £ M" : \Tnf{x)\ > A}) = -||f2||i||/||i. 

A^o+ n 

The next results are related to the limiting behavior for weak type estimate of the homoge¬ 
nous fractional integral operator Tq^q,, which is defined as 

Tn,af{x) = j 0 < a < re. 

It is well known that the fractional integral operator Tq^^^, a generalization of Riesz potential, has 
been studied by many people (see the book m and the references therein). In [5] , while studying 
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the boundedness of Tq „ on Hardy space, Ding and Lu introduced the following regularity 
condition of D: 

( 1 . 10 ) ^ ^01d6<oo, 

where uoq denotes the integral modulus of continuity of D. 

To study the limiting behavior of the fractional operator with homogeneous kernel, we need 
some regularity conditions similar to (ll.lOp . For convenience, we give the following notation. 

Definition 1.4 (L^-Dini condition). Let D satisfy (jl.ip . 1 < s < oo and 0 < a < n. We say 
that D satisfies the L®-Dini condition if 

(i) D e L"(S"-i); 

(ii) fg ‘^ 1 +J d6 < oo, where uji is defined as that in Dehnition 11.11 

Let i' be an absolutely continuous signed measure on M” with respect to Lebesgue measure 
and |z/|(M”') < oo. Define 

( 1 . 11 ) = I 

We have the following results for 

Theorem 1.5. Let v be an absolutely eontinuous signed measure on with respect to Lebesgue 
measure and |zy|(M”) < oo. Let 0 < a < re and r = Suppose D satisfies (dr]), Oi and 

the L^-Dini condition. Then 

lim X^m{{x G M" : |roare(x)| > A}) = -||D||;|re(M")r. 

A^o+ re 

Corollary 1.6. Let 0 < a < n and r = Let f G L^(M”) and / > 0. Suppose Ll satisfies 

(H]), do]) and the L'^-Dini condition. Then we have 

hm X-m{{x G : \Tn,a.f{x)\ > A}) = -||L!||::||/||^. 

A->-o+ re 

We would like to point out the proof of Theorem 11.21 follows the idea from [TO]. However, to 
establish the limiting behavior of the singular integral operator Tq with D satisfying the L^-Dini 
condition, we need study carefully the regularity of D. More precisely, we will show that two 
different L^-Dini conditions are equivalent (see Theorem 12.5p . 

The paper is organized as follows. In Section [21 we give some properties of the L^-Dini 
condition and the embedding relation between the regularity condition (|1.5p and the L^-Dini 
condition. An example which shows the L^-Dini condition is weaker than the condition (11.51) is 
also given in this section. The proof of Theorem 11.21 is given in Section [3l The outline of the 
proof of Theorem [T3] is given in final section. Throughout this paper the letter C will stand for 
a positive constant not necessarily the same one in each occurrence. 
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2. L^-DiNI CONDITION 


In this section, we discuss some properties of the L^-Dini condition. We first show that the 
regularity condition (jl.5p is stronger than the L^-Dini condition. 

Proposition 2.1. If Q satisfies (11.11) . (11.21) and the condition (lESI), then H satisfies L^-Dini 
condition. 

Proof. We first claim that if 12 satisfies (II.ip . (II.2p and (|1.5p . then there exists C > 0 such that 

(2.1) wi( 5 ) < sup / \n{0 + C 6 f) - n{e)\de 

1^1 = 1 Jsn-l 

for any 0 < <5 < i. To prove m, by Definition 11.11 it is enough to show that for any fixed 


n—1 


9 

for some constant C > 0. For convenience, let 


9 + C6C 




and 


\e + C5^\ 
A = {p9: IIpII < 


\e + C6i\ 

Thus A = {rj ^ — 6\ < 5}. Choose C = 2, we will show that 


( 2 . 2 ) 

Notice that the function f{ff) = 


B{2) D A. 


0 - 1 - 26 ^ _ Q 

\e+25^\ ^ 


is continuous on Since is compact, then 

f{ff) can get its maximal value at a point of Suppose is such a point that f{ff) get its 

maximal value at ^o- Since f{9) = 0 and f{—9) = 0, must be located between 6 and —6. 
Therefore again by the continuity of /(O; 


B(2) = {?7 G : \r]-9\<-^] with 7 =/(^q)- 

So to prove ()2.2I) . it suffices to show that 7 > d. By rotation, we may suppose 6 = (1, 0,0, 
Choose ^ = (0,1,0, • • • ,0). Then 


, 0 ). 


7 > 


+ 25e 


= 2 - 


10 + 25^1 V VTTiP 

Hence we prove (12.ip by choosing (7 = 2. 

Now we split the integral dS into two parts: 

uji(d) 


> 6. 




^ 1^1 ((^) 


dS. 


For the first integral, using estimate (12.11) and the regularity condition (11.51) . we can get the 
bound C||ll||i. For the second integral, using a;i((5) < 2||12||i for any 0 < d < 1, we can also get 
the bound C||12||i. Combining these, the proof is completed. □ 
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In the following, we give an example which satisfies dni), dLH) and the L^-Dini condition 
but does not satisfy the regularity condition ()1.5I) . 

Example 2.2. Consider dimension n = 2, in this case, we denote = {0 : 0 < 0 < 27r}, where 
6 is the arc length on the unit circle. Let 12(0) = 0“2 — (^) 2 . It can be easily extended to the 
whole space such that Q is homogeneous of degree zero. 

By using representation of the differential of arc length, the integral of 12 on can be 
rewritten as 


p27T 

L ' 


12 ( 0 )(i 0 , 


where 0 is again the arc length. Obviously, 12 in Example 12.21 satisfies (11.21) . 

Now let us first show that 12 in Example 12.21 does not satisfy the regularity condition (11.511 . 
In fact, let <5 be small enough. In two dimension, for any rotation ||/9|| < d, we have /30 = 0 ± s, 


where s = 


For the case /90 = 0 + s, we have 

r2n /•27r—5 

/ |12(p0)-12(0)|d0 = 

Jo Jo 

r27T 

J 27r—s 


1 


1 


+ 


01/2 (0 + s)l /2 

1 1 


de 


01/2 (0 + s- 27r)V2 


de 


= 4((27r — — (27r)^/^ + =: g{s), 

where in the first equality we use the fact that when 0 S (27r — s,27r), pO falls into (0, s). A 
similar computation shows that if pO = 9 — s, 

p 27 V 

/ |12(p0)-12(0)|d0 = 5(s). 

Jo 

It is not difficult to see that g{s) is an increased function for s € [0,5] and ^(0) = 0. Therefore 
we have 

p 27 T 

uji{6) = sup / |lI(/90) — ll(0)|(i0 = 5'((5). 

||p ||<5 2 o 

Now by m in Lemma l2. II (note that constant C = 2), we have 

^sup [ \nid + 260-n{e)\d9>^u;i{s) 

|C|= 1./§1 ^0 


= 2 


1 


(27r)V2_(27r-5)1/2. 




+00 


. 51/2 5 

as 5 —)• 0. This means that 12 does not satisfy the regularity condition m- By a direct 
computation, we have 

1 (27r)i/2 - (27r-5)1/2' 




51/2 


dd < 00 


and 


|12(0)|d0 < 00 

which means that 12 satisfies the Li-Dini condition in Definition 0 


p27r 

i 
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In order to prove Theorem 11.21 we need to give an equivalent definition of the L^-Dini 
condition in Definition ll.il 

Recall in Definition o the L^-Dini condition is defined by the integral modulus wi, 
and iui is defined by ROTATION in M"'. In [T], Calderon, Weiss and Zygmund gave another 
integral modulus wi which is defined by TRANSLATION in M"". Let D satisfy (11.11) and 
D G Define oji as 

(2.3) iu;i((5) = sup f + h) — Q{x')\da{x'), 

where h G M”. Similarly, one may define the L^-Dini condition by the integral modulus Coi. 

Definition 2.3. Let D satisfy (jl.ip . It is said that D satisfies the L^-Dini condition if: 

(i) n G 

(ii) fg d6 < oo, where Di((5) is defined by (j2.3l) . 

As it is pointed out in [T], the L^-Dini condition in Definition 11.11 is the most natural one. 
However, in some cases, the L^-Dini definition in Definition [23] is more convenient in application. 
Thus, a natural problem is that, is there any relationship between those two kind of L^-Dini 
conditions defined by Definition 11.11 and Definition 12.31 respectively. 

Below we will show that these two kind L^-Dini conditions defined respectively by Definition 
11.11 and Definition 12.31 are equivalent indeed. Let us first recall a useful lemma. 


Lemma 2.4 (see Lemma 5 in [T]). There exist positive constants ao, C depending only on the 
dimension n such that ifQ is any function integrahle overW^~^ and 0 < \h\ < ao, h G M”’, then 

(2.4) / |L!(e-/i)-D(0|da(0<C sup [ \n{pC) - n{0\da{0. 

Note that we may choose the constant ao in Lemma 12.41 less than 1. 

Theorem 2.5. L^-Dini conditions defined respectively in Definition \l.l\ and Definition \2.3\ are 
equivalent. 


Proof. By Definition 11.11 and Definition 12.31 it is enough to show that for Q G L^(§”“^), the 
following condition (a) and (b) are equivalent: 

(a) da{6) < oo, where a;i((5) = sup Jgn-i \^ipx') — ^{x')\da{x'), 


(b) fg da{d) < oo, where u)i((5) = sup Ln-i |D(3:' + h) — Q{x')\da{x'). 

\h\<5 

We first show that (b) implies (a). By (12.11) (note that the constant C = 2), we have 


llp ||<5 


^^ 1 ( 5 ) < sup / |D(0 + 25^) — D(6()|(iiT(0) < wi(2(5). 

|g|=l JS'i-i 
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Hence we have 




+ [' 

0 Jl/2 0 


< 




(i5 + C||H||i. 


Now we turn to the other part: (a) implies (b). By Lemma 12.41 there exists a constant 
0 < oo < 1 such that for any 0 < |/i| < oq, we have 

[ \n{^ + h) - n{^)\da{0 < c sup [ \i}{p9)-i}{p)\daie). 

JS"-1 l|p||<|/*l 


If 0 < (5 < Oo, then 


wi((5) = sup [ + h) - Q{^)\da{^) 

|h|<5 J§"-i 

< C sup sup f \^{p9) — Q{0)\da{6) < Ccoi{5). 


If Oo < d < 1, we get 


a}i(5) = sup / |H(0 + h) — D.{6)\da{6) < ||H||i + sup 

\h\<s. 


\n{e + h)\daie). 


If we can prove that 


(2.5) 

then we have 


sup / \n{e + h)\da{e) < c\\n\\i, 

|/i|<(5 JS"-1 


/ 


ao 

d6=( I + 

0 J aQ 


f^dS+ f^dS 

Jo ^ Jao 


<C [ ^ d5 + [ -(^1111111+sup [ \i}{9 + h)\da{9)\d6 

Jo o Jao |h|<5JS"-i / 

<c r ^Ji^-dd + c\\n\\i. 

Jo « 


Hence, to complete the proof of Theorem 12.51 it remains to verify (12.5p . By rotation, we may 
assume that h = (/ii, 0, • • • ,0), where 0 < /ii < 1. By using the spherical coordinate formula on 
§"■“^(800 Appendix D in [7]) , we can write 



x{p) + h \ 
x{p) +h\) 


X \ J{n,p)\dipn-i ■ ■ ■ dpi, 


( 2 . 6 ) 



















Li-DINI CONDITIONS AND LIMITING BEHAVIOR OF WEAK TYPE ESTIMATES 9 

where x{(p) and J{n,ip) are defined as 

Xl = cos (^1, 

X 2 = sin (pi cos ip 2 -, 

X 3 = sin If I sin ip 2 cos ips, 


Xn-l = sin ipi sin IP2 - ■ ■ sm (pn-2 cos ipn-l, 

Xn = sin ipi sin• • • sin ( pn -2 sin ipn - i , 

J{n,ip) = (sin(^i)”'“^ • • • (sin(/7„_3)^sinv9„_2. 

Compared with x{ip), can be written as x{9) with 6 i = ipi,2 < i < n — 1. This can be 

seen from the point of geometry since h = (/ii,0, • • • ,0). Hence we make a variable transform 
that maps {(pi,(p 2 , ■ ■ ■ , fn-i) into (6*1,02, •'' , 0n-i) such that 

COS ipi+hi 


= cos 01, 


sm ipi 


l+2hi cos ipi+h^ ’ -yjl+2hi cos 

P >2 = 02, 


= sin 01, 


^n —1 


— ^n-l‘ 


Thus = x(0). It is easy to see 


tan 01 = 


sm ipi 


cos ipi + hi 


Then we have 


/ sin^i \' 

dui = arctan-— ac^i = 

V cos Ml + hi / 


1 + hi cos ipi 


jdipi. 


cos ipi + hiJ ^ ^ 1 + 2hi cos ipi + hf 

Note that 0 < fi < tt and 0 < hi < 1, then 0 < 0i < tt. Therefore the right side of (12.6p is 
bounded by 

(1 + 2cosv9ihi + hf)”/^ 


rTT PTT PZTT 

/ •••/ / |5^(a;(6'))P(n,( 

J9i=0 J6»„_2=0 i6l„_i=0 


< 2’' 


1 + hi cos ipi 

/*7r rn p'Z'K 

'W ••• / / |H(x(0))||J(n,0)|d0„_i---d0i 

7|9i=0 ^ 0n-2=O^0n-l=O 


-dOji—x * * * d9\ 


= 2” ^ / \Q{x)\da{x), 


where in the first inequality we use 

1 + 2hi cos ipi + hf 
1 + hi cos ipi 

and 0 < hi < 1. Therefore we finish the proof of (|2.5p . 


< 2 


□ 


Remark 2.6. By Theorem 12.51 when applying the L^-Dini condition, one may use its definition 
in Dehnition o or Definition 12.31 according to the request of application. 
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The L^-Dini condition that we introduce in Definition [T3] is defined by rotation. It is natural 
to consider the translation version. 

Definition 2.7. Let D satisfy (jl.ll) . 1 < s < oo and 0 < a < n. We say that D satisfies the 
L®-Dini condition if 

(i) n G 

(ii) fg d5 < oo, where Di is defined by (12.31) . 

By using the similar way that we prove Theorem 12.51 we have the following result. 

Theorem 2.8. Let s > 1 and 0 < a < n. L^-Dini conditions defined respectively in Definition 
\1.4\ and Definition \2.7\ are equivalent. 

3. Proof of Theorem 11.21 

In this section we give the proof of Theorem ll.2l Suppose /x is a signed measure on M"'. For 
t >0, let pit{E) = ^(-f), where E is the Lebesgue measurable set in M”. 

3.1. Some elementary facts. Let us begin with some elementary facts. 

Lemma 3.1. Let p, be a signed measure on M”. Suppose E is the pt measurable set. Then 

\pt\{E) = \p\t{E). 

Proof. Since p is a signed measure on M”, by the Hahn decomposition (see m), there exists 
a positive set P and a negative set N such that P|JA^ = M” and PP|A^ = 0. If P' and N' 
are another such pair, then PAP'{= NAN') is null for p. Therefore p~^{E) = p{E n P) and 
p~{E) = —p{E n N). Since the Hahn decomposition is unique, the pair tP and tN can be seen 
as the Hahn decomposition of pt. Then for any pt measurable set E, we have 
\pt\{E) = {pt)+{E) + {pt)-{E) = pt{E n tP) - pt{E n tN) 

= filEnp)-fi)EnN) 

= M(i£) =W.(E). 

Hence the proof is completed. □ 

Lemma 3.2. Let p be a nonnegative measure defined on M"' and p{W') = 1. Suppose p is 
absolutely continuous with respect to Lebesgue measure. Then for any 0 < e < 1, there exists 
Qe, 0 < Oe; < oo, such that p{B{0,as)) = £. 

Proof. Since p{W') = 1, there exists M, 0 < M < oo, such that p{B{0, M)) > s. 

Set = {r : p{B{0,r)) > e} and denote = inf r. It is easy to see that < M < oo. 
We claim that p{B{0,a^)) = e. In fact, by the definition of infimum, for any a > 0, there exists 
a r G Hg, which satisfies < r < + a, such that p{B{0, r)) > e. Hence 

p{B{0, Qe)) > p{B{0, r)) - p{B{0, r)\B{0, aj) > e - p{B{0, + a)\B{0, a^)). 
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Note that m[B{0,a^ + a)\B{0, a^)) —0 as a ^ 0. Since is absolutely continuous with 
respected to Lebesgue measure, so fj.{B{0,a^ + a)\B{0,a^)) —0 as a —>■ 0. Hence ^(H(0, Og)) > 

e. 


On the other hand, by the definition of Og, for any 0 < r < Og, we have fj,{B{0, r)) < e. Note 
/i(H(0, Ug)) < //(H(0, r)) + /i(H(0, ag)\H(0, r)) < e + //(H(0, ag)\H(0, r)). 

Since fJ.{B{0, ag)\H(0, r)) —)• 0 as r —Og, then fJ.{B{0, Og)) < e. Therefore we finish the proof. □ 
Lemma 3.3. Let 0 < a < n and r = For a fixed A > 0, we have 

— n—OL '' ‘ 

|H(a:)| 


(3.1) 


({^ 


ym( <x£ 


> 


>■}) = -[ |n(e)r<i,T(9). 

J/ n Jgn-l 


Proof. By making a polar transform, 

. Mx)\ 


■({ 


m[ <x £ 


> 


= / [ X{|ii(0)|/s"—>A}'S” ^dsda{d) 

Jo 

= / / s” ^dsda{6) 

Js'*-! Jo 


n • A'' 


\Ll{e)fda{e). 


□ 


Lemma 3.4. Let be a absolutely continuous signed measure on ML with respect to Lebesgue 
measure and |//|(M”) < oo. Suppose Q satisfies (II.ip . (II.2p and the L^-Dini condition. For any 
X > 0, we have 

(3.2) Xm{{x G : \Tnn{x)\ > A}) < 

where the constant C only depends on H and the dimension. 

Proof. Since /i is a absolutely continuous signed measure on M” with respect to Lebesgue measure 
and |/i|(]R"') < oo, by the Radon-Nikodym’s theorem (see [6]), there exists a integrable function 
/ such that dfi{x) = f{x)dx. Therefore we have 

Tng,{x) = Tnf{x). 

Now the rest of the proof can be found in the book [7]. By carefully examining the proof there, 
the weak (1,1) bound in ()3.2p is CdlHUi + ‘^^j^^ ds). □ 

3.2. Key lemma. Now we give a lemma which plays a key role in the proof of Theorem 11.21 

Lemma 3.5. Let pL be an absolutely continuous signed measure with respect to Lebesgue measure 
on M"' and |/i|(M”) < +oo. Suppose Q satisfies (II.ip . (jl.2j) and the L^-Dini condition. Let Tq 
be defined by (frel). Then we have 

lim Xm{{x G M" : \Tnpt{x)\ > A}) = -||H||i|^i(M"')| 

->■0+ n 


(3.3) 

for any A > 0. 
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Proof. Without loss of generality, we may assume |/i|(M”) = 1. Let 5 is small enough such that 
0 < (5 <C 1. For any fixed A > 0, choose e such that 0 < e < By Lemma [321 there exists 
an Og with 0 < Og < oo, such that |^|(B(0, Ug)) = 1 — e. Set £t = ■ t, by Lemma IHTTl we have 

= \n\t{B{0,£t)) = l-£. 


Let ?7 > St- For x G B{0,r])‘^ and y G B{0,£t), we can choose the minimal positive constant r 
which satisfies 


(3.4) 


1 — r < 1 

|x|"- ~ \x — y\^ 


< 


1 + r 

Ixh ' 


Then r —)• 0+ as f —)• 0+. 

Define dyil{x) = and dfi^{x) = where xe is the charac¬ 

teristic function of E. Hence we have 


\Tq.y\{.x)\ - \TQ,yl{x)\ < |To/it(x)| < \TQ,y\{x)\ + |To/i?(x)|. 
For any given A >0, let 

Fi = {x^W^ ■.\Tnyt{x)\>\}, 


and 


Fl^ = {x G : \Tn^i]{x)\ > A} 

Fix = {x G MV |To 7 i?(x)| > A}. 

Since D satisfies the L^-Dini condition, by Lemma 13.41 To is of weak type (1,1). Therefore 


2 , 


(3.5) 


MF2,5\) = e (2^)1 > <5A}) < 


n np 


Since F* C U T( and T( C U T( by ([33]) we have the following 

estimate 


(3.6) 




+m(Ti < m(Tj < — + m(Ti J. 

By the choice of e and <5, "i(F( and ?^(F^ (i_5);,) ™ay approximate to m{F^) as f —)• 0+ 

by (13.61) . It is easy to see that 

"i(^p(i+5)A) - ^ ^(0,7?)^) < m(T*^+^)^) 

where oj^ is the Lebesgue measure of unit ball in M”. Therefore we conclude that m{F^ (i+ 5 )a ^ 
B{0,r]y) approximates to ^li(T( as r/ —)• 0+. Similarly, ?li(T( ni?(0,77)'^) approxi¬ 

mates to m{F^ (i- 5 )a) as 77 —)■ 0+. 

Now we split TQfij{x) into two parts: 


Tnyl{x) = lim [ ^ ^ dfil{y) + lim [ , 

J\x—y\>e' 1^1”’ J\x—y\>e' ^ |x ~ 2/| 


n(x-s) 
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Using the triangle inequality, we have 


<\x-y\>e' 


-diJ-t [y) 


/ X 


[ 

1 

1 

J\x-y\>e' 

X — y "■ Ixj*^ 




(3.7) 


< 


< 


' \x—y\>£' y\ 

f , 

’\x—y\>e' U 


dyt yy) 


dfj^t (y) 


+ / 

1 

1 

J\x-y\>e' 

X — y "■ Ixj*^ 


d\iJ^j\{y)- 


Denote 


Gt '■= <x & B{0,riy : lim / 

J\x—y\>6' 


Q{x) D(x — y) 


Since 


we have 


where 


D(x — y) D(x) 


\x — y|” |x|' 


< 


xj” |x — y\ 

|D(x -y)- D(x)| 


d\y]\{y) > 25\ 


\x - 


+ l^(^)l 


|x — y|” |x|' 


Gt C Gtq n Gt,2i 


Gt,i := < X G B{0,r]y : lim 


J\x—y\>e' \x y\ 




and 


Gt ,2 ■= {x G B{0,r]y : lim [ 
I £'^>0+ Ju 


\X-V\>£' 


|D(x)| 


1 


1 


|x — yl” |x|' 


d\yl\{y) > 5A L 


Consider Gt,i hrstly. If x € .6(0, r/)'' and y G 6(0, ej), then |x| > |y| and < jyp by 

dsai). Using Chebychev’s inequality, Fubini’s theorem and making a polar transform, we have 


iR(Gtq) < I X G 6(0,7?)^ : / 
VI JR’ 




1 + T 


< 


1 + T 

Ad 

1 + T 
Ad 

1 + T 
Ad 




|D(x — y) — D(x)| 11/ N , 

^— —d\y]\{y)dx 


c /JJ$n 


/ / 

JR” JB(0, 

/ / 


|D(x - y) - D(x)| 


H-OO 




(ixd|/ij|(y) 


51(0 - - 51(0) dcj(0) • —d|yb(y) 

r r 


By Theorem 12.51 the L^-Dini condition in Definition 12.31 and Definition 11.11 are equivalent. So 
in the following we use the L^-Dini condition in Definition 12.31 Set A(r) := JJ" Since Q 
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satisfies the L^-Dini condition, we have A{r) —>■ 0 as r —>• 0_|_. Therefore 




(3.8) 


< 


< 


(1 + ^) 

A(5 

(1 + ^) 

(1 + r) (hi(s) 

5\ Jq s 
(1+r) 


^ii\y\/r) 


drd\nl\{y) 


I I 

JR" Jrj 

Jr" Jo 

JO 'S JR'i 


-hsd|/ij|(y) 


<5A 


Mg/v), 


where in the second equality we make a transform \y\/r = s. 

Estimate of m{Gt^ 2 ) is similar to that of m{Gt^i). Again by using Chebychev’s inequality, 
Fubini’s theorem, (I3.4p and making a polar transform, we have 


m(G,,2) < + 


/ |f!WI 

JR" 


1 


1 


(3.9) 


lB(0,r]Y JR" +'1" k “ y\ 

^Jxf f. dxd\Yl\{y) 

OA jRn JB{0,riY +1 

Jv ^ 


d\n\\{y)dx 


< 


< 


5\ 

(1 + T)n£t 

SXy 


i|+Jl(K") 


^ (1 + T)n£t I 

where in the fourth inequality we use dyj = XB(o,et)dyt- Therefore combining these estimates 
for Gt,i and Gt,2) we have 

(3.10) m(Gt) < m(Gt,i) + m(Gi,2) < ■^^^^(ei/ry) + 


6 \ ^ ’ JAry 

It is easy to see that 

m{{x e B{0,yrnGt ■.\Tnyj{x)\ > A}) < m({F*, n 5(0,ry)'=}) 

< m{{x G B{0,riy fl G1 : \Tq,y]{x)\ > A}) + m{Gt). 

So if X G S(0, rjY n G1, by the definition of Gt and (13.71) . 

^|yiKK")| - 25A < \Tny\{x)\ < + 26X. 


Therefore we have 


(3.11) 


X G 


B{0,yYnGt:\TnY]{x)\>{l-d)x} 


c{xe Bio, vY n : ^|/iKK")| > (i - 35)A 
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and 


[xGB{0,rjrnGt: \Tnf^l{x)\ > {I + 


D lx € B{0, rjf n > (1 + 35)A 


(3.12) 

By the definition of 

Note that ei)'^)| < \^t\{B{^,etY) < e, so we have 

Using ()3.10l) . ()3.11l) . ()3.12l) and Lemma [33] with a = 0, we have 
"'(^R(1+5 )a) 

> m{{x G B(0, r^f n G^ : \Tn^ll{x)\ > (1 + d)X}) 


(3.13) 


> m({x G B(0, vT n : ^|/it'(M")| > (1 + 35 )a}) 


> mN X G 


|fl(x)| 1 


l/ii (M”)! > (1 + 3(5 )a|^ - UnV'^ - m{Gt) 


^ Ml ^ Im(b")I - e _ _ (1±Aa(±) _ (i±lh££||n||, 


n (1 + 35)A 


(fA > 


5\r, 


and 


< m({x G 5(0, tY n G1 : \Ta^i]{x)\ > (1 - (5)A}) + m(5(0, -q)) + miGt) 


(3.14) 


({^ 


< ml i X G 


> ( 1 - 


, ||f!||, |MR")I + ^ , . 

^ ‘ “T ^n'l \ 


+ + IR-(Gt) 

(1 +t) Et. , (1 + T)n£t 


-M-) + 


IIOIIl. 


n (1 — 36)X ' “ ' ' 6 X ''q' SXq 

Here ujn is the volume of unit ball in M”'. Combining the above estimates (I3.13|) . (|3.14p and 
(133|), we have 

m{Fl) > m(F‘ (1^5)^) - m{Fl^Y 

||H||i |/i(M^)| -e (1 + T)^,et, (1 + r)ne4 Ge 

- n {1 + 3S)X S\^ 

and 

m{Fl) < m{Fl^^_s)Y + m{FlsY 

/ ||H||i |//(M^)|+e I ,. n I + A (l + r)net Ce 

Let t 0+, then £t 0+ and r —)■ 0+. So A{^) —>• 0+. Thus we obtain 


liminf m{Fl) > 


t —^O-p. 


II»IIiIM^")|-£ n_Ce 

n (1 + 3<5)A 6 X 
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and 


limsupm(F{) < 

t —^0-(- 


ll^llilMM")l+g . n , Ce 

n (1 — 3(5)A "■ dX 


Note that e < ^(5A. Now let e —)■ 0+ firstly and 5 —)• 0+ secondly. Lastly let rj —)• 0+. Then we 
have 


nX 


< liminfm(T^) < linisupm(T’_J) < 
*^■ 0 + t^o+ 


nX 


Thus we complete the proof. 


□ 


3.3. The proof of Theorem 11.21 We write T^ntix) as 

n{x - y) 


(3.15) 


Tnytix) = lim / 

*^^0+ Ju 


\x-y\>e 


k - y\' 


-dy^tiy) 


1 




Then by (I3.15p . we have 

m{{x G M” : \TQyt{x)\ > A}) = G M" : ^\TQy{j) \ > a|^ 


= em{{x G M” : \Tny{x)\ > At"}). 


Applying Lemma [331 we get 


lim Xm{{x G M" : \TQy(x)\ > A}) = lim Xt^m({x G M" : |Tn/i(x)| > At"}) 

A->-0+ 1-J-0+ 

= lim Xm({x G M" : \TQyt{x)\ > A}) 


= -||L!||i|/i(M")|. 
n 


Hence we complete the proof of Theorem 11.21 


□ 


4. Proof of Theorem 11.51 

In this section, we give the proof of Theorem 11.51 The proof is quite similar to that of 
Theorem 11.21 So we shall be brief and only indicate necessary modifications here. We first set 
up a result for which is similar to Lemma 13.51 

Lemma 4.1. Set 0 < a < n and r = Let y be an absolutely continuous signed measure 

with respect to Lebesgue measure on M" and |/r|(M") < +oo. Suppose H satisfies dni, ([L2]) and 
the L'^-Dini condition. Then we have 

(4.1) ^hm A"m({x G M" : \Tn,ayt{x)\ > A}) = i||H||}|/r(M")r. 


for any A > 0. 
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Proof. The proof is similar to that of Lemma 13.51 Choose the same constants 5, e, and et as 
we do in the proof of Lemma 13.51 For the constant r we choose the minimal constant such that 


1 — r 


< 


1 


< 


1 + T 


|X| 

■ 1 fin)n\ 


Since Tn^a is bounded from to (see Page.224 in m, we can get the similar 

estimate in (j3.5j) . For the estimate similar to m{Gt^i), by Theorem 12.81 we use the equivalent 
L((,-Dini condition in Definition 12.71 In the estimate similar to (j3.13jl and (|3.13l ). we can use 
Lemma 13.31 with 0 < a < n. Proceeding the proof as we do in the proof of Lemma 13.51 we can 
finish the proof of Lemma l4. II □ 

Proof of Theorem \1.5\. As we have done in the last part of section [Sj we can establish the 
following dilation property of which is similar to (I3.15P : 

1 X 

— ^n—a 

By using above equality and Lemma [TTl we have 

lim X'm{{x G M"" : \TQ,ah{x)\ > A}) 

A^o+ ’ 

= lim G M” : \Tnah{x)\ > Ar”"}) 

t^o+ ’ 

= ^hm A’'m({x G M" : \TnMf)\ > At"""}) 

= lim X^m{{x G M” : \Tnaht{x)\ > A}) = -||D||(;|//(M”)|''. 
t^o+ n 

□ 


Hence we complete the proof of Theorem 11.5 


Acknowledgment. The authors would like to express their deep gratitude to the referee for 
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